AIAA JOURNAL
Vol. 39, No. 1, January 2001

Hybrid Aeroelastic Optimization and Antioptimization

Massimiliano Zingales* and Isaac Elishakoff
Florida Atlantic University, Boca Raton, Florida 33431-0991

A simple aeroelastic structure possessing uncertain elastic modulus, which is modeled as varying either in a
convex hull of experimental data points or within an approximating ellipse of minimum area containing all of the
data, is studied. A solution of an antioptimization problem, which is defined as the search for the worst critical
velocity under uncertainty constraint is determined. At the second stage, the optimization problem is addressed as
an evaluation of the design variables, such that the worst critical velocity is made to exceed a preselected velocity.
It appears that, due to the unavoidable presence of uncertainties, realistic aeroelastic problems ought to be posed
as a hybrid optimization and as antioptimization procedures. Several numerical results are elucidated to illustrate

the ideas.

I. Introduction

HE notion of antioptimizationof structures was introduced by

Elishakoff.""? Since then, it has been applied to the design of
structures with bounded, both nonprobabilistic and nonfuzzy un-
certainty, by several authors. The reader can consult with studies
by Elishakoff et al.,*> Adali et al.,* and Haftka and Lombardi.’ In
this paper we apply the hybrid optimization and antioptimizationto
aeroelastic problems.

Optimization of structures with aeroelastic constraints has been
dealt with by several authors. A partial list of works includes those
by Turner® Plaut,” Ashley,® Librescu and Bainer,” Shirk et al.,!
Ringertz,!' Livne and Mineau,'? Pierson and Genalo,'* and Bishop
et al.'* However, the uncertainty in elastic moduli or in the mate-
rial properties in conjunction with the aeroelastic optimization is
a relatively new topic. It has been addressed in the probabilistic
setting by Kuttekuelerand Ringertz.!* The stochastic finite element
method for reliability of platesin supersonic flow was introducedby
Liaw and Yang.'s In the future, one would anticipate an increased
utilization of the stochastic finite element method in conjunction
with aeroelastic phenomena. In this respect it is instructive to quote
Shinozuka!:

... it is recognized that it is rather difficult to estimate exper-
imentally the auto-correlation function, or in the case of weak
homogeneity, the spectral density function of the stochastic varia-
tion of material properties. In view of this, the upper bound results
are particularly important, since the bounds derived ... do not
require knowledge of the auto-correlation function.

This observationmay limit the applicability of probabilisticanal-
ysis to uncertainty. In these circumstances one should look for al-
ternatives to the notion of stochasticity. As Livne!® mentions in his
careful overview of the subject of aeroelastic optimization,

...approaches for addressing uncertainty in design optimiza-
tion of structural systems are still in various stages of study and
evaluation. . . Ranging from statistical methods, in which the sta-
tistical characteristics of uncertainties are known or assumed, or
methods based on fuzzy logic, as well as methods which use
bounds on the system uncertainties to optimize for a worst case
combination of pre-assigned parameter and modeling errors—all
these methods have not been compared yet in the context of aero-
elasticity and areoservoelasticity of fixed wing airplanes.

Inthisstudy we adoptan antioptimizationanalysisthatutilizesinfor-
mation that is easier to obtain (than either a stochasticity-or fuzzy-
sets-based approach), namely, the region of variation of the elastic
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moduli.!” Because of this partial information, it is sensibleto require
only the fragmentary characterization of the response: namely, the
determination of the maximum and minimum values of the criti-
cal velocity. Once the minimum of the velocity is determined, the
structural parameters are chosen so as to exceed some preselected
velocity. Numerous examples are elucidated to gain physical in-
sights into the problem.

II. Deterministic Theoretical Analysis

Let us consider a Bernoulli-Euler’s beam with variable cross
sectionand nonhomogenouselastic properties;the beamis subjected
to a supersonic stream flow in the x direction.

The Young’s modulus of the beam E(x) is represented by the
following expression:

E(x) =pi(0)E + (X)) E, 1
where E; and E, can be characterized as amplitudes and ¢, (x)
and @,(x) are continuous nondimensional functions governing the
variation of the modulus E(x). In this section, we abstain from
specifyingparticular forms of the functions ¢, (x) and ¢,(x), except
noting that they should be chosen to satisfy the obvious physical
requirement E(x) > 0. The beam’s width b(x) and its thickness
h(x) are considered as varying along the abscissa x:

b(x) = boyy(x), h(x) = hoyn(x) 2)

where by and h, are positive constants and y,(x) and y,(x) are
shape functions governing the variation of the beam’s width b(x)
and depth 2 (x), respectively. Moreover, x;, and x;, equal unity at the
coordinate origin y;(0) = x,(0) = 1. Therefore, b, and &, represent
the width and the depth of the cross sectionat x = 0. The description
of the aeroelasticinteraction between the beam’s transverse deflec-
tion w(x, ) and the air pressure load will be performed by means of
the piston theory2°=22 The effect of the structural and aerodynamic
dampings on the beam’s behavior w(x, t) will be excluded for the
sake of simplicity. The equation of motion reads

*w(x, 1)

(E(x)l(x) o2 >+pA(x)

2

0x?

ow
U =0
ox

02 1) kpe
W(x,)Jrl7

or? Coo

(3)

where A(x) is the cross-sectional area, I(x) the moment of iner-
tia, and p the structural mass density. The gas-flow interaction is
represented by the last term in Eq. (3), where & is the exponent of
the polytropic thermodynamic transformation, p. is the pressure
of the nondisturbed gas flow, ¢, is the speed of the shock waves
in the nonperturbed airstream, and U is the motion relative velo-
city between the gas flow and the system. The boundary conditions
associated with the simply supported beam read

*w
w(x,t) = o2 =0,

at x=0 (4a)
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aZ
w(x, 1) = axf =0, at x=L (4b)

where L is the beam’s length. The initial conditions are

wx, 1)

w(x,0) = 3¢

0, at t=0 %)

The governing equation for the beam’s deflection w(x,t) is not
solvable exactly for arbitrary choice of the functions ¢;(x), @:(x),
x»(x),and yx,(x). Hereinafter,the Bubnov-Galerkin’s approachwill
be utilized. We approximate the solution as follows:

N
Wi, 1) = v fi(0) ©)

i=1

with N denoting the number of retained terms in the expansion
and y;(w) designating known comparison functions satisfying all
boundary conditions in Eq. (4). We substitute Eq. (6) into Eq. (3)
and require that the inner product vanishes:

(e, y;) =0 (j=12,...,N) @)

where

L
(&, v)) =/ s(x)y;(x)dx (8)
0

This procedure leaves us with a set of ordinary differential equa-
tions:

N N ) kp., N
D K fuld) Y My fu) + U™ Y Nup fult) =0

a=1 a=1 a=1

B=12,....,N) (9

The coefficients appearing in Eq. (9) are given as follows:

L & Py,
Ko = f e dx2<E(x)I(x) "“”)dx
0

dx?

L
My = f PAC) Y () w5 (x) d
0

kpe  [* dya(x)
Ny = dx 10
b Coo —/0 dx vp(0) (10)

The solution of the system in Eq. (9) is furnished in the form
fult) = Age'™ (a=1,2,...,N) (11)

where o representsthe sought eigenvalue. We arrive at an algebraic
homogeneous system of the equations for A,:

XN:KaﬁAa - XN: @ MopAy + U XN:N@AQ =0

a=1 a=1 a=1
B=12,...,N) (12)
To obtain a the nontrivial solution, namely,
YA £o

one requires the determinant of the coefficient matrix of the system
in Eq. (12) to vanish:

det{ —@? M5 + UNyy + Ky ] =0 (13)

leading to the approximate eigenfrequency equation for .

III. Stability Analysis Within Two-Term
Approximation

Letus confine our analysisto the case with only two terms retained
in Eq. (6). In this case the system in Eq. (12) is reduced to the two
equations

Ay (K — @My, + UNy,) + Ay (Kpp = @My, + U'Ny,) =0
AI(KZI — o’ My, + U*NZI) + Az(Kzz — o’ My + U*sz) =0
(14)
It is instructive to cast Eq. (14) in terms of the natural frequencies
of the system @} and @;. First, as an auxiliary problem, consider the
free-vibration case
det[~@ M5 + Kop] =0 (,p=1,2) (15
resulting in the biquadratic
& —c@ +c, =0 (16)
with the coefficients given by

_ K11M22 + K22M11 - K12M21 - K21M12

“ det[Maﬁ]
det[Kaﬁ]
= 17
© det[Maﬁ] ( )
whose solutions
Eof:(cl—\/cf—4cz>/2, &)§=<c1+\/cf—4cz>/2
(18)

represent the natural frequencies of vibration?* Because of Vieta’s
theorem, ¢; = —(@®} + @3) and ¢, =@’ @;. Hence, Eq. (13) can be
rewritten in the following form:

o' + [(a + @) + d U0 + @@, + dyU* + dy(U*)? =0

(19)
with terms d; defined as
di = Ny My + NyyMyy — NipMy — Noy My,
: det[Maﬁ]
d = KNy + KnNyp — KipNyy — Ky Ny
? det[Maﬁ]
det[ N,
, = detNe] (20)
det[Maﬁ]

Equation (11) suggests that once the frequency  takes complex
values, the dynamic instability flutter occurs. The critical condition
appears when the discriminant D

D =[U*d, + (&} + c-og)]2 — 4@ @} + U*d, + (U"d] (1)
of the biquadratic Eq. (19) vanishes, yielding the flutter velocity

Ue = (d? - 4513)_1 {df(c‘of + @) +2d,

+ \/[df(fof + @) +2d,]" — (aF — @)’ (d? - 4d3)} (22)

For values larger than U, the discriminanttakes a negative sign,
and the roots are complex conjugate. For the case of the beam simply
supported at both ends, the following set can be utilized for the
comparison functions:

Yo (x) =sin(arx/L) (23)
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which represent the exact mode shapes of the associated uniform
beam. Note that in these circumstances,

Nip = Ny =0, Ny = =Ny (24)

yielding

@ - @ _ (@ - &})y/det M)

Ucr = =
2/d; 2N

(25)

Observe that Eq. (25) formally coincides with expression(4.104) by
Bolotin?? for the uniform beam. The differencelies in the definition
of the natural frequencies @,.

Recall that E| and E, are uncertain variables, leading to variabil-
ity of the flutter velocity. The following questionarises: How should
one take into account the variability of the elastic moduli on U, ?

IV. Convex Modeling of Uncertain Moduli

In this sectionthe uncertaintyin the Young’s modulus E(x), repre-
sented in Eq. (1), will be specified. In many recent investigationsthe
elastic modulus is treated as the random field, and the problems are
solved by the finite element method necessitating the knowledge of
the autocorrelation function of the elasticity modulus. Often, how-
ever, such information is unavailable. In these circumstances one
can act in one of the following ways: Either postulate that such an
autocorrelation function is known, or pick up (as is usually done),
any allowable autocorrelationfunctionbased on the assumption that
once the autocorrelationfunction will become available, it could be
introduced into the analysis. Another way will be to abandon this
excessively demanding analysis and look for an approach that does
not postulate that uncertainty and probability are synonymous.

In this study we use a nonprobabilisticmodel of uncertainty. The
two amplitude parameters E, and E, are treated as uncertain vari-
ables, varying in a convex domain C. The admissible region of
variation R (Fig. 1) is then described by an inequality:

(Ei, E;) €C (26)

The domain C for E| and E, will be assumed to lie entirely in the
positive quadrant of the plane E|, E,. Because of the variability of
U, it appears natural to evaluate the worst critical velocity Ue, worst
when E; and E, vary in C. This is somewhat opposite to usual

Ucr,worst = min Ucr(El ) EZ) (27)

(E1,E2)€C

Note that the coefficient ¢; in Eq. (18) is a linear function of
E; (j =1, 2), whereas the coefficient ¢, is a quadratic function of
them, that is,

¢ =8E + §E,, e =enE} + eE Ey + 6 E; (28)
where
& = (MnKi + M1 Ky — MipKoyn — My Kipp)
& = (MnKin + M1 Ky — Mi2Koin — My Kino)
e = KKy — Kini Ko, &n = Ki12Ksym — K1 Ko
e = KKy + KinKani — KinKon — KinKon (29)

The expression for K;j; reads
L
K, =/0 w,(x)dd; (I(x)(p,(x)dzgl:igx)>dx (30)
Bearing in mind Eqs. (25) and (26), we can rewrite Eq. (25) for the
critical velocity squared as follows:
UZ(E,, E;)) =dE} +2d,E E; + dyp E; 31
where

&l det[ M1 — 41,
{4V ded M1}

_ 2515z/det[M(4;] —4dep

" BT (8N det Mol

&1 det[ M) — 4ex

32
{4V detd M1} (32)

22 =

One recognizes that the expression of the critical velocity is a
quadratic form in variables E; and E,. In matrix form, Eq. (31)
can be rearranged as

U2 =E'"DE (33)

engineering practice of looking for the best solutions. To underline with
this contrast, the methodology of looking for the worst solution was d di
dubbed by Elishakoff' an antioptimization process. Thus, we are E" =[E, E], D = (d d (34)
looking for 12 %22
2.50
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Fig. 1 Shape and location of the uncertainty region and of the 1> ellipses.
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Accounting for the physical meaning of the right-hand side in
Eq. (30), we can conclude that the matrix D is positive definite.
Therefore, Eq. (31), conveniently rewritten in the form

E'DE - U2 =0 (35)

representsan ellipsein the plane (E;, E,) with the center coinciding
with the origin of the coordinate system. We thus obtain a family
of homotetic ellipses corresponding to different values of U2 if the
latter is treated as an independent parameter. Naturally, the larger
values of U2 correspond to larger semi-axes of the ellipse in the
plane. For small values of U2 the ellipse in Eq. (31) and the region
in Eq. (26) are disjoint. For large values of it they have a common

area. Therefore, there exist two values of U2, denoted U2, and
2 ; ; 2 2 ;
U¢ pest> TESPECtively, with Ug o < U . for which the two con-

vex domains in Egs. (26) and (31) share a single point. One of the
values corresponds to the case when one ellipse contains the other
one entirely, whereas the other point is associated with the case
when they are on the different sides of the common tangent.

Values of U, falling outside of the interval [Ug . U pes ] O
notrepresentfeasiblecritical velocitiesbecausethe set (£, E,) will
not satisfy Eq. (26). Note that the two values of velocities, U_. ...
and U, czrybm, represent, respectively, the smallest and the largest so-
lutions allowed by Eq. (26). To determine these values we need to
examine closely the relative spacing of the critical velocity ellipse
and theregionofuncertainvariationof the elasticmoduli. According
to the interpretation of the parameters £, and E, as some effective
moduli of elasticity, we shall confine our analytical derivation to
the arc of ellipse in Eq. (35) contained in the first quadrant of the
plane (E;, E,). It can be shown (Appendix A) that, under some as-
sumptions about the functions ¢;(x), the critical velocity ellipse in
Eq. (35) is always oriented with its major axis in the second and
fourth quadrant of the plane (E,, E,), as in Fig. 1.

Once the orientation of the ellipse, representing the critical ve-
locity U2 with respect to region of variation C of the uncertain
parameters £, and E, has been identified, one can solve analyti-
cally the antioptimization problem. The following sections will be
concerned with the solution of the problem in Eq. (27) for various
practical shapes of the uncertainty region.

Prior to proceeding further, let us pose the following question:
Why do we need to consider various shapes of the uncertainty re-
gion? To reply to this question, we visualize that the results of the
experimental measurements yield an ensemble of functions E;(x).
These functions are then decomposed to sets of pairs (Ey;, Ey).
Each of these pairs forms a point in the plane (E;, E,). We then
are interested in determining the region that contains all of these
points. A convex hull of these points is naturally such a set, forming
a polygonal uncertainty region. Also, it is easily visualized that dif-
ferent researchers and engineers may approximate the uncertainty
region via differing means. It makes sense, therefore, to treat differ-
ent possibilities.

V. Antioptimization Problem: Polygonal

Region of Uncertainty
In this section we consider an uncertainty set C possessing a
polygonal shape with m vertices. The vertices P;(i =1, ..., m) of

the polygon have coordinates P, =(E};, E»;), respectively. We de-
note the vertex in the lowest-left corner by Py, the others are num-
bered counterclockwiseas P,, P;, etc. (Fig. 1). Hereinafter we form
a set V of distances d; of the vertices from the origin O:

Veldd))  di=\E 4B, GO

As is established in Eq. (A1), the result of antioptimization is
given by the joint points of the homotetically inflated ellipse in
Eq. (31) and the convex uncertainty region C. The critical velocity
in Eq. (32) depends on the values of the design variables b, and
ho, appearing in Eq. (2), in addition to uncertain variables E; and
E,. This dependencecan be highlightedby rewriting Eq. (31) in the
form

U2 = b2 7 37)

with the positive coefficient
W =d,E} +2d5, E\Ey + dyy, E; (38)

The coefficients d,;, (i, j =1,2) in Eq. (38) are obtained from
Eq. (31) by formally letting by =h, = 1. Because the critical ve-
locity depends on the uncertain parameters of elasticity E; through
the coefficient 17, the antioptimization problem will focus on the
determination of the extrema of the coefficient n* provided that E,
and E, vary in region C. Equation (38) represents a family of con-
centricellipsesin the plane E; and E, obtained by varying the value
of the coefficient n*. The major axis passes through in the second
and fourth quadrants of the plane E; and E,. As shown in Sec. IV
for the critical velocity (and hence 77%), the ellipse in Eq. (38) and
the region of uncertainty C must share a common point. There are
two possibilities for such a point to exist. One, Py correspondsto
the maximum of 7%, whereas the minimum is associated with point
PWOI’SK‘

The extreme values of the coefficient 17* are found by substituting
the coordinates E| yorst, E2,worst aNd E peg, and E; peq 0Of the points
P,, and P, into Eq. (38). Bearing in mind Eq. (38), the expressions
for the maximum and minimum value of the critical flutter velocity,

denoted in the following, U2 | . and U7, ... become

U2 e =030 =bh§ (11, EL, + 2d10, B Eny + do, E3 )
(39)
U2 o =b00h§e =305 (dy1, EL, + 2d15, Ey \ Esy + don, B3 )
(40)

The expression of the coordinates corresponding to the points
Pyore and Py are given in Appendix B for all the cases reported in
Figs. 2a and 2b.

Comparing the ellipses in Fig. 1 with those in Fig. 2a, we ob-
serve that they possess differentratios of their respective semi-axes
e =,/ A,, referred to as eccentricitye. This is because the functions
¢1(x) and @,(x) chosen in Fig. 1 are ¢(x) =1+ 5.3 X(x/L)> +
0.5 X (x/L)3 and ¢y(x) =1+ 2(x/ L), whereas in Fig. 2a they read
o (x) =1=3(x/L)* and ¢ (x) =0.001+0.3(x/L). The shape
functions for Fig. 2 ¢;(x) are positive in the interval [0, L]. The
function ¢, (x) chosen for Fig. 2a takes on negative values in the
interval [L /3/3, L]. Still, the modulus of elasticity is a positive
quantity. Despite the function ¢, (x) not being positive in the whole
entire interval [0, L], the major axis of the 17* ellipse lies in the
second and fourth quadrants of the plane £, and E,. Numerical cal-
culations show that the positiveness requirement of functions ¢ (x)
and ¢, (x) in the interval [0, L] leads to a large eccentricity e of the
1 ellipse. The weaker condition that E(x) is positive but @;(x) may
not be results in lower values of the eccentricity e. The particular
choice of the shape functions ¢;(x) and ¢,(x) in Fig. 2a has been
made to enable an easier visualization of the ellipses corresponding
to extremal values 1%, and 172 .

The objective of the nextsectionis to drive approximationsof the
admissible region for E, and E, by a continuous, smooth curve for
analytical purposes.

VI. Antioptimization of Flutter Velocity: Elliptical
Region of Uncertainty
Let us assume that the region C is represented by an elliptical
area with the abscissa and the ordinate of the center Cy denoted by
E |y and E,, respectively:

(E, — E)?l @® + (E, — Ex)?l b* <1 (41)

where a and b represent the semi-axes of the ellipse Figs. 3a
and 3b. We are looking for the points Py = (E;,,, E,,) and
Pyest = (E| 5, E, ) that satisfy Egs. (39) and (40) and correspond,
respectively, to the worst and the best critical velocities U, yorr and
U vest given in Eq. (63). In the following, we denote the coordi-
nates of the points Py and Py, respectively, as & yorsts €2.worsts
and &) pest, @2.best- The procedure to obtain the coordinate of the ex-
trema of the critical velocityis illustratedin Appendix C. The values
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Fig.2c Singular location for rectangular region of uncertainty; extrema noncoinciding with one of the vertices.

and U2

" v 2
of the worst and best critical velocity U or.best

cr,worst? are glven
by

cr,worst

2 2 . 2 \pn2}6
U = (dllnelyw +2d,,,8 .8, + d22n627w)b0h()
2 22 - 2 \125,6
Ucr,bcsl = (dllﬂel,h + 2d12nel,h€2,h + d22n627},)b0h0 (42)

The obtained solution for the antioptimized critical flutter velocity
U2 yors: Shall be utilized to get the best possible value of a certain
objective function involving it. The optimization of the antiopti-
mized critical velocity is nothing other than looking for the best in

the worst circumstances.

VII. Minimum Weight Design:
Optimization Procedure

The optimal design process involves the beam’s weight W

L
w =Pb0h0/ Xp(X) xn(x) dx (43)
0

which is a monotonic function of the design variables, namely,
the width b, and then depth £y, at x =0. The functions y,(x) and
xn(x) governing the shape of the beam’s cross section have been
introduced in Eq. (2). Although b, and &, appear symmetrically in
Eq. (43), the critical velocity is not a symmetric function of those
variables.

We are interested in designing the system (i.e., determining the
values of by and &) that minimizes the mass of Eq. (43) in con-
junction with the constrainton the critical flutter velocity U2 whose
value must be greater than a specified velocity U,

Uc:(by, hy) = U, (44)

Because U,; is an interval variable [ U worsts Uer.best)> fulfillment of
the inequality

Ucr,worst(b()a h()) = UO (45)

automatically leads Eq. (44) to be satisfied. Hereinafter we will
deal with Eq. (45). It is rewritten in a form that is more appro-
priate to the design by utilizing the representationin Eq. (38). This
yields

Ucr,worst = U,zninbohg ZUO (46)

where 7y, is defined in Eq. (39). Let the manufacturing require-
ments demand that the values by and A, vary in a box I':

by < by < by, hoy <hy <hg, 47)
where by, by, and hy, ho, denote the boundary limits for the width
and the thickness amplitudes, respectively. An additional constraint
involving the design parameters by and /, is concerned with the
rangeof validity of the utilized mechanicaltheory. Because we apply
the Bernoulli-Euler’s theory, we specify an additional constraint
over the design variables as follows:

by <zh, (48)

Specifically, for the sake of determinacy z is fixed at 10. The opti-
mization problem is then stated as follows:

minimize
bo,ho€

W (by, hy) (49a)

subject to 8i(by, hy) = nminb()h?) - U, =0 (49b)

subject to 2:(by, hy) = 10hy — by =0 (49¢)
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Fig. 4 Alternative locations of the design box with respect to the constraint g; = 0.

The optimizationproblemin Eq. (49) will be solved by employing
geometrical considerations.Note that if in Eq. (48) the entire region
of variation is on the right side of the line g,(by, hg) =0, then no
acceptable solution exists. In Fig. 4 this case is represented by the
design region of variation drawn with a dotted line and denoted
as I';. If, however, the aforementioned line is positioned on the
left side of the region in Eq. (48), the entire variation domain is
feasible (see domain I'; in Fig. 4). If the line g,(bo, ho) =0 passes
through the region, only the upper part (see the hatched part of
the area I'; in Fig. 4) is a feasible domain. This particular location
is portrayed in Fig. 4 as a continuous line. We denote by Q; and
Q,, respectively, the intersection points of the line g2(bo, hp) =0
with the region I that are closest and farthest from the origin O.
Dependingon the location of the region I" with respect to the origin,
several possibilitiesarise. If the line g, (by, hy) =0 crossesthe edges
AD and C D, the intersection points have the coordinates

0, = (bor, 1/10bg), 0, = (10hg,, hoy) (50)
as shown in Fig. 4. Other possibilities of crossing the region by the
line g, =0 are elucidated in Figs. 5a-5c, where the coordinates of
the intersection points are also indicated. To obtain the solution of
the optimization problem in Eq. (49), let us examine closely the
critical velocity constraint g;(by, hy) =0. If the curve defined by

g1(bo, ho) = nminb()h?) -Uy=0 (5D

lies below the feasible region I, then the constraint [Egs. (49b) and
(49¢)] is not active for the specified value of the velocity Uy. In
this case the solution of the optimization coincides with the closest
vertex of the hatchedregion[ to the origin O. This vertex, denoted
hereinafter Q. is either the point Q,, Figs. 4 and 5b, or A, Figs. 5a
and 5Sc, respectively, if the straight line g.(bo, i) =0 intersect the
edge AD or AB. However, if the line in Eq. (46) is entirely above
the hatched region I, then no solution of the optimization problem
exists for the specified value of the velocity Uy. Thus, we identify
an interval [Up min, Uo,max ] Where the specified velocity Uy must lie
so that the inequality U, yore =Ujy may hold. The extreme values
Up,min and Uy max of the admissible range of U, are given by

Ug,min = Tminbo1 13, (52a)
UO,max = nminbOZhgz (521’))

where the values by, and h; denote, respectively, the points in the
feasibledomain I" with smallestand largestdistancesfrom the origin

0, as representedin Figs. 6a and 6b. In Fig. 6a such extremal points
are A and C, corresponding to Uy min =1.75 X107 and U pex =
3.65 X 10%. Hereinafter we assume that the specified velocity be-
longs to the followingregion Uy € [Upmin, Uymax ). Denoteby ' T
aregionthatis both feasible and satisfies the constrainton the critical
velocity U worst in Eq. (40). The weight in Eq. (43) is a monotoni-
cally increasing function in the variables by and /. Therefore, the
solution of the optimization problem lies on the boundary of the re-
gion I closest to origin O. Moreover, we conclude that the solution
of the optimizationproblem,denoted Qo = (Do, opt> Hoopt)» goincides
with the closest point to the origin O on the boundary of I".

To obtain the point O, on the boundary with minimum distance
O O, we againresort to a geometric argument. Note that there exists
a specific value of the distance O Q such that the family of circles
(denoted by the dotted line in Figs. 6a and 6b)

R+h=00Q (53)

and the curve g, (by, hy) =0 share a single point, that is, they have a
common tangent in point Q (b, k) (Figs. 6a and 6b). The tangent
line to the curve g;(by, ho) =0 in a plane Obyh, passing through
the point Q = (by, h¢) reads

4

T nminrlo T
by —by) = — by—b 54
ooy B0 B0 == V=B (54

by =bg

dh,

ho—f_l(]:db
0

where

dhg (dbo " _(d (U Y _ [ 30\
oy~ \dho )~ \dho \Minh )}~ \| inh
(55)
The tangent to the circle in Eq. (53) is represented by

bobg + hohy — OQ2 =0 (56)

In point Q the two straight lines in Eqgs. (54) and (55) coincide. We
conclude that the coefficients of the variables b, and & in Eqs. (54)
and (55) must be proportional, with proportionality constant de-
noted 0:

~4

1_70 = enminh() (573)

hy = 30U, (57b)
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Fig. 5 a) Feasible design region I for specified velocity Uy. b) and c) Alternative locations of the design box with respect to constraints g; = 0 and

g2 =0 for specified velocity Uj.
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Fig. 6 Solution of the optimization problem a) on the closest vertex of the region I and b) in correspondence of point § in Egs. (96) and (97).

The solution reads

0 =EO/3nmina by =ilf)nmin/3U0 (58)
We substitute b, into Eq. (52a) to get h:
1
ho = (V3Uy 1) * (59)

The value of b, is found by substituting Eq. (59) and the expression
for 6 in Eq. (58) in the former Eq. (57a), getting

Bo = (3Uo/ Thin) * (60)
We denote by R, and R, respectively, the intersection points of
the curve g, (by, hy) =0 with the boundaries of the region I. If the
point O with coordinates by, &y, defined in Egs. (59) and (60), lies
on the boundary of the feasible region (Fig. 6b) [i.e., is located on
the arc R, R, of the curve g,(by, hy) =0], then the values of b, and
hy so obtained represent the solution of the optimization problemin
Eq. (49). If, however, the point Q is outside the admissible region
(Fig. 6a), then the solution of the optimization problem is given by
the vertex of the region I closest to the origin O.

VIII. Numerical Example

In this section we apply the presenthybrid optimization and anti-
optimizationprocedureto the optimal weightdesignof a simply sup-
ported beam. The length L of the beam will be assumed L =15 m.
The functions ¢;(x) in Eq. (1) governing the variation of the mod-

ulus of elasticity E along the axis of the beam are chosen in the
form

@i(x) =1+ ai(x/L)* + oy(x/L)", Pr(x) = op(x/ L)

(61)
where the coefficients o;(i =1, 2, 3) represent some coefficients
necessary to model the variation of the elastic modulus £(x) along
the axis of the beam. In the following the coefficients o; are set
at oy =1.1, ;3 =5.4, and o3 =2.2. The shape functions x,(x) and
xn(x) in Eq. (2) governing, respectively, the geometric shape of the
width b(x) and of the height h(x) are

b(x) =1+ &(x/L), h(x) = [1+&@/L)?]  (62)
where the coefficients g;, i =1, 2, are introducedto control the vari-
ation of the cross section along the axis. Their values are fixed at
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Fig.7 Application of the hybrid optimization and antioptimization.

g, =—0.7 and &, =—0.73. The uncertain coefficients E; and E,,
in Eq. (2) are assumed to vary in an ellipsoidal region. The coor-
dinates Eo and E,; of the center and the semi-axes @ and b of the
ellipse are listed in Fig. 7a. The density of the structural material
constituting the beam is set at p =2.7 X 107® kg s?/cm*, whereas
the aeroelastic parameters in Eq. (10) are ¢, =3.3 X 10* cm/s and
k =1.66. The values of the coefficients d;;, are dy;y =3.4 X 1073,
dioy =3.91 X 1078, and dyy =5.5 X 107°, which yield a family of
concentric ellipses after substituting the values of the coefficients
d;;, into Eq. (38). The generic ellipse of the family is represented
by the dotted line in Fig. 7a. Equation (43), used to determine the
coordinate €; and é&,, becomes

4 —7.81 x10°93 —6.32 X 10%y% + 1.11 X 10"y

—-522%x10% =0 (63)

whose lowest solution is to y =—5.07 X 10°. The values of
the abscissa and ordinate, respectively, of &, and &,, are then
2, =1.06 X10° and &, =2.98 X 10°. In Fig. 7a, the ellipse corre-
sponding to the minimum 7* and the tangent to the region of un-
certainty in P,, = (e}, &) is depicted with a continuous line. We

assume that the design variables b, and h, assume values in the
region

6cm < by <30cm, 0.5cm <hy <2.5cm (64)

representedin Fig. 7b. The lines correspondingto the extrema of the
interval [Ugmin, Up.max ] are depicted, respectively, with dashed and
dot-dashed line. The interval where the constraint g;(b, ) =0
is active is represented by [1.9 X103, 1.02 X 10°]. We set U, =
900 m/s. ~

The region I' of variation of the design variables b, and h, is
depicted by the area in Fig. 7b bounded by bold lines. The values of
by and h correspondingto Egs. (59) and (60) are listed in Fig. 7b. It
is seen that they not belong to the boundary of the region I' as shown
in Fig. 7b. Therefore, the combination of the design values b, and
hg correspondingto a minimum of the weight W (b, hy) is found in
the point @, of coordinate O, = (6.0 cm, 1.79 cm). With the
obtained values the minimum weight in this simple model is W =
38.7 kg, which is the lowest value satisfying all of the constrains
imposed on the system.

IX. Conclusions

In this study we discuss the flutter of a beam with uncertain mod-
ulus of elasticity thatis simply supportedat both ends, in a stream of
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gas flow. The structural model has a variable cross section and vari-
able modulus of elasticity along the axis of the beam to reflect the
realistic situation. In this study we address the following question:
How can the optimization methods in the presence of the bounded
uncertainty that is neither probabilistic nor fuzzy, be utilized? The
parameters describing the modulus of elasticity and were modeled
as convex variables, belonging, respectively, to a polygonal hull of
experimental points, or to an elliptic region. Combined optimiza-
tion and antioptimization proved to be an effective tool for dealing
with optimum design in the presence of uncertainty. The problem
handled allowed us to elucidate the combined antioptimizationpro-
cedure. We solved, at first, the problem to find an expressionfor the
worst possible combination of the uncertain parameters involved in
one of the constraints of the design variables. As a second step we
optimized the design variables under the antioptimized version of
one of the constraints.

Appendix A: Mutual Orientation of the Ellipses

To determine the orientationof the ellipsein Eq. (31) with respect
of the region of variation of E, and E,, we first find its semi-axes
s; and s, by referring it to a rotated coordinate system (E, E’z) in
which Eq. (31) of the conic is representedin its canonical form. The
equation for the rotation of coordinates reads

E=d"E (AD)

where a denotes the transformation matrix and the vector E’ is the
coordinate vector in the rotated system with components £ and EJ.
Substitution into Eq. (31) yields

U2 =E"aDo" E' (A2)

To get the equation of the ellipse in Eq. (A2) in the canonical
form, we require the matrix a D ol in the following denoted as A,

to be diagonal
A 0
Do’ =A = A3
aDa (0 lz) (A3)

where A; (i =1,2) represent the sought diagonal terms. Equa-
tion (A3) is equivalent to the two scalar equations

a,Dal = A (Ad)
azDazT =1 (A5)

Postmultiplying Eq. (A4) by o4 and Eq. (A5) by oy, and taking into
account thatal.Tal. =1(i =1, 2), we obtain

o (D — M1) =0, (D — A1) =0 (A6)
where I is an identity matrix. Equation (A6) shows that the axes
of the new coordinate system (£ E’) of unit vectorse; anda, lie
along the eigenvectorsof the matrix D. The appropriate eigenvalue
problem reads

detlD — AI| =0 (A7)

with the eigenvalues 4; associated with the eigenvectors o; .
Solution of Eq. (A7) furnishes the expression of the eigenvalues
Ai(i=1,2)

Mo =y +do) 2\ [(dy — oyl 44 2 (A8)

where the minus sign is associated with A, and the plus signindicates
4,. The components of the eigenvectors o;, and ¢;, read

—d, (dn —4)
Ay = 5 aly = 2
\/(dll - A2 +d}, \/(dll - A2 +d;,
—diy (di — A)
o3 @y

B \/(dll — )2 +d},
(A9)

\/(dll - 1)? + d122

Equation (A2) in the new coordinate system (E’, E;) is cast as

U2 =E'"AFE’ (A10)
or, in the canonical form,
M(ED? | M(E))?
U2 U2 =1 (A11)

Equation (46) indicates that the semi-axes s; and s, of the ellipse
are given by

s2 = U2l Ay, s =02 4, (A12)
From Egs. (A8) and (A12) we conclude that s; > s,. To determine
the orientationof the ellipsein Eq. (A11)[i.e.,directionsof its major
and minor axes in the plane (E|, E,)], we need to investigate the
signs of the components of the eigenvectors oy and o, in Eq. (A9).
After substitutionof Eq. (A8) in Eq. (A9), we observe that the term
dy; — Ay is positive whereas the term d;; — A, is negative. In other
words, a;, > 0and oy, < 0. Because a;, and &, depend on the term
d», we conclude that the orientation of the ellipse [Eq. (A11)] in the
plane(E |, E,)is decidedby the sign of the term d, . For positived,,,
the major axis of the ellipse passes through the second and fourth
quadrants of the plane, because oy, <0 and ¢y, < 0. The minor
axis passes through the first and third quadrants because both of its
directionalcosines a,, and a,, are negative. However, if d;, proves
to be negative, then the major and minor axes are interchanged.

It appears unfeasible to determine the sign of d;, analytically,
without its direct numerical evaluation. We will limit ourselves
with obtaining a sufficient condition for the positiveness of the term
dy, without its calculation and, moreover, without specifying the
functions pA(x), I(x), and functions ¢;(x) and y;(x). Let us first
consider the coefficients K, in Eq. (30). Integration by parts, and
accounting for the homogeneous boundary conditions, yields

.42

t 2y, Py,
K., =/ IX)@(x) " ! dx (A13)
J o dx?2 dx2

Using dummy variables, the products in Eq. (29) can be cast as
double integrals:

L L dzwl
M22K111=/ PA(X)sz(x)dx/ I(x)p(x) dx2 dx
0 0 X

2 dy,
=| | PA@WEIMe)| -, |drdE (A14)

where D, indicates the square [0, L] X[0, L]. Analogously, the fol-
lowing quantities are represented as double integrals:

v, ’

M, Ky, =//PA(§)V/12(§)I(X)<P1(X) dx2 dx d&
2 sz/l ’

MK =//PA(§)%(§)I(X)<PZ(X) 2 dx dég

v\
My Ky = f f pA(é)wzz(é)l(X)wz()C)( d;’?) dx dé

dyy >y,
dx? dx?

M, Ky, =//PA(@%(5)‘/’2(5)“”‘#’1(” dx dé

dx2

d?y, d?
MKy, = f f PAO WO I ™o)1 T dxaz

(A15)
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The terms & and & in Eq. (29) become

& =//PA(§)I(X)<P1(X)

& & :
x(%(é) i L@ "’2(")> dx dé

dx? dx?
5 =fpr(§)I(x><pz(x>
& & ’
x(%(é) Z’;E” —i(® ;”;E”) dr dé (A16)

because M |, Ky, = M, K 5,. The coefficient g, in Eq. (29) assumes
the following form:

&1 =//I(X)I(§)<P1(X)<Pz(§)
>y, >y,

&y, & :
x VeV dx d& (A17)
dx? de? | dx? de

because K |5, =K, and K5, =K,,. Equations (A16) and (A17)
illustrate that the terms §; and &, are positiveif the uncertain vari-
ation functions ¢, (x) and ¢,(x) are positive valued in the domain
[0, L]. The term d,, in Eq. (32) is positive if the terms &; and &),
satisfy the following condition:

88, =26y, det[ M) (A18)

Let us discuss first the auxiliary problem of a beam of the same
geometry as the one under study, but with the modulus of elastic-
ity specified as E(x) = ¢, (x) or E(x) = ¢@,(x). Through Galerkin’s
method with two-term approximation, we express the natural fre-
quency by means of Eq. (18), except that we replace the expression
of K;; with K;;; or K;;,, respectively. Bearing in mind Eq. (29) for
g1 and &,,, we conclude that

det[K;;)] =&, det[K;j»] = ex (A19)

Both terms &, and &,, are positive as the determinants of the stiff-
ness matrices. Moreover, expression for ¢, in Eq. (28) is a positive-
definite quadratic form because the term ¢, representsthe productof
the natural frequencies a)f and a)g, as can be detected from Eq. (18).
We conclude that the following inequality holds:

Ve &n =& (A20)

If ¢ (x) and ¢,(x) are positive-valued functions we can write the
inequalities

8 =2y/IMglen, & 22./IMplen, (A21)
Moreover,

86 =4|Mypl\Je160 (A22)

With Eq. (A21) taken into account, the following inequalities are
obtained:

8,8 =AM gl \Jer1620 =4 Mopler, =2|Mplern (A23)

which concludes the proofthat dy, is positive. Thus, the orientation
of the ellipse in Eq. (31) is determined, with its major axis passing
through the second and fourth quadrants.

Appendix B: Solution in Case of Polygonal
Region of Uncertainty

Except for a special case that will be considered later, the point
Pyore corresponding to the minimum ratio nrzmn is located on the
vertex P; of the polygon C with the minimum distance form the
origin O. Thus, this point is identified through the relation

OP,;, =mind, B1)

d;iev

In Fig. 2a the uncertainty region C is represented by rectangular
shape that has a generic orientation with respect to the axes E,
and E,. The ellipse corresponding to the extremal values 1%, of
the coefficient n* are shown in Fig. 4a by continuous curves. The
vertex P, with the minimum distance from the coordinate origin
O is identified as P, = Pyor- The point with maximum distance
from the origin O is identified as Py, = Ppey. Note that although a
rectangular region has been considered, the same solution is valid
for any polygonal region of uncertainty if the vertex closest to the
origin O coincides with the point P, and the farthestvertex coincides
with point P, in Fig. 2a. This is illustrated in Fig. 2b, where instead
of the rectangular region in Fig. 2b we have a generic hexagonal
region of uncertainty. According to our convention on denoting the
vertices, point Py in Fig. (2b) coincides with the location of point
P, in Fig. 2a; moreover, the point P; in Fig. 2b coincides with the
location of point P, in Fig. 2a. Yet, these two different cases yield
the same results for the worst and the best critical velocities. The
coordinatesof point Pg and P; are located in Fig. 2b. Let us consider
a location of the region C as depicted in Fig. 2b. The convex hull
C of the experimental points, represented by a rectangular domain,
is located in such a specified manner that the direction identified by
the minor axis of the ellipse is perpendicularto the edge closest to
the origin of the coordinate system O. Let us consider a line that is
an extension the minor axis as

E, = (azy/azx)El = —[(d\ = L)/d\,]E, (B2)

with oy, and o, representedin Eq. (36). The line passing through
points P; and Py is given by

_ (E2.4 - E2.1)E1 + E1.4E2.1 - E2.4E1.1

E,
E1.4 - El.l

(B3)

The pointof intersectionof the lines in Eqs. (B2) and (B3) is denoted
as Py = (E|in, Esin). The abscissa E| ,;,, and the ordinate E, i
are found by solving the system formed by Eqgs. (B2) and (B3). The
solution of these two equations reads

d12(E2.4E1.1 - E1.4E2.1)

El,in =
' d12(E2.4 - E2.1) + (dll - 12)(E1.4 - El.l)

E _ (dll - 12)(E2.4E1.1 - E1.4E2.1) (B4)
2,int —
' d12(E2.4 - E2.1) + (dll - 12)(E1.4 - El.l)

The point Py, naturally corresponds to the worst critical velocity;
hence, we denote it as Py = Pyor (see Fig. 4b). We observe, from
Fig. 4b, that the distances O P and O P, are both greater than the
distance O P, because O P and O P, are hypotenuses of the right
triangles O P, Py, and O Py Py, respectively. The solution of the
antioptimization problem corresponding to minimum of the coeffi-
cient 112 is obtained by substitution of the coordinates in Eq. (B4)
into Eq. (38). The expression of the worst critical velocity U2

cr, worst

is then furnished by substituting the expression 172, into Eq. (37):
Us = Moo
=byh [dl n(Evin)” + 2d 12, Ey g En o + dzzn(Ez,im)z] (B5)

It is remarkable that, up to now, no assumptions have been
made about the functions ¢, (x), ¢,(x), &,(x), or &,(x). Therefore,
Eqgs. (39) and (B5) represent general expressions for the extrema of
the critical velocity, when E, and E, are varying in the rectangular
region C.
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Appendix C: Solution in Case of Elliptic
Region of Uncertainty

In the points P, and Py the ellipses in Egs. (39) and (41)
must share a common tangent. This considerationis utilized to get
the coordinates of the contact points. The tangent to the ellipse in
Eq. (41) in a generic point P = (e, e;) reads as follows:

[E1(€1 — Ey) — Eer + E120]| a’

+ [Ez(ez — Ey) — Exe; + E%o]' b’-1=0 (€D
Therefore, the tangent to the ellipse in Eq. (39) is represented as
E\(diiner + dizy€r) + Ex(dyyer + digge)) =170 =0 (c2)

Forthe two linesin Egs. (C1) and (C2) to coincide,itis necessaryand
sufficient that the coefficients in front of e; and e, be proportional,
with the ratio denoted as 7,

a*(dyiey + dpye;)  bP(dypger + diyuer)

ey — EIU €y — EZU
= 772 =Yy
Emel| a? + E2062| b — (E§U| b? + E120| a? — 1)
(C3)
These equations can be rewritten as
a*(dyje; + dpey) = y(er — Eyg)
b*(dye, + dype;) =y (e, — Ex)
W= y[Emel| a’>+ E20€2| b? - (E§U| b + E120| a’ — 1)]
(c4)

yielding an algebraic system of three equations, in four unknowns
ey, 5, 1%, and 7. An additional condition to be imposed is that the
solution must belong to the boundary of the uncertainty region C.
The solution of the former two equations, hereinafter denoted as
2,(y) and &,(y), is given by

_ 7(E107 + a’dy, By — bzdzanm)
y? — (azdll,, + bzdzz,,)y + a2b?D,
7(E207 + b*dyp, Erg — azdllnEZU)

y? — (azdll,, + bzdzz,,)y + a?b?D,

where D, represents the following determinant:

dlln d12n

D, =
d12n d22n

(C6)

The parameter y is determinedby imposing the condition that the
pointin Eq. (C5) belongs to the boundary of the ellipticin Eq. (C1).
We substitute Eq. (C5) into Eq. (C.1) yielding the following fourth
order polynomial equation in terms of y:

f =7t =207  +qr* —qsy +q. =0 (CT)
with the coefficients
q = (azdlln + b2d22n)
¢ = (Pdyi, + Do)’ +a*b*D,
—a*(dy1,Eo + dipyEx)® = b*(di2n B + dy Eno)’
q = [(azdlln + b2d22n)a2b2 + (Erdi, + E20d12n)a4b2]Dn
+b*a*(dip, Erg + dyny Ez0) D,

g4 = —a*b*D? (CB)

Once the solutionof Eq. (C7) is obtained, the coordinatesof the con-
tactpoints’ coordinatesare finally determined via Eq. (C5). We need
to investigate the roots of Eq. (C7). We first observe that coefficient
q4 in Eq. (C8) is negative because D, is positive. Denoting the roots
of the polynomialequation y; by means of Vieta’s theorem we write

qs = 71727374 (C9)

The negativity of g, assures that not all of the roots of the polyno-
mial equationin Eq. (C7) are complex numbers. Indeed, if Eq. (C7)
had four complex roots, then because they appear in complex con-
jugate pairs, their product in Eq. (C9) would be positive. However,
because g, is negative the roots can appear as either four real roots,
or two real and a complex conjugate pair, depending on the param-
eters of the system. If the polynomial equation in Eq. (C7) has two
real and two complex conjugate roots then the substitution of the
two real values of y;, (i =1, 2, 3, and 4) in Eq. (C7) will provide
the coordinates of the contact Pyt and Ppes. In case of four real
roots correspondingto Eq. (C7), only two of them will correspond
to tangency points of the ellipses in Egs. (39) and (41).

Figure 3a portrays an example for the ellipse corresponding to
the minimum coefficient n* while E, and E, vary in region C.
The coordinates of the tangency point between the n* ellipse and
the uncertainty C are listed in Fig. 3a. An illustrative representa-
tion of the region of variation of the uncertain parameters £, and
E, and the ellipses corresponding to the maximum and the mini-
mum value of n* are given in Fig. 3b. The ellipse corresponding to
12, is represented with dotted line, and the ellipse corresponding
to n?,, is depicted with dashed line. The ellipse representing the
uncertainty region is drawn with continuous line. The tangents as
well as the coordinates of Py and Py are shown in Fig. 3b in
conjunction with the values of the coefficients 172, and 17, .
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